The Imbert-Fedorov (IF) shift in optics describes the transverse shift of light beams at the reflection interface. Recently, the IF shift of Weyl fermions at the interface between Weyl semimetals (WSMs) with single monopole charge has been studied. Here, we study the IF shift at the interface between two WSMs, each of which is carrying an arbitrary integer monopole charge. We find a general relation between the monopole charges of the two WSMs and the IF shift. In particular, the IF shift is proportional to the monopole charge if both WSMs have the same one. Our results can be used to infer the topology of the materials by experimentally measuring their IF shift. Furthermore, we consider the possibility that the Weyl fermions are scattered to other Weyl cones during the reflection, which results in qualitatively different behavior of the IF shift. While we use a quantum mechanical approach to solve the problem, semiclassical equations of motion and the conservation of total angular momentum can help us intuitively interpret our results in special cases.
The Imbert-Fedorov (IF) shift in optics describes the transverse shift of light beams at the reflection interface. Recently, the IF shift of Weyl fermions at the interface between Weyl semimetals (WSMs) with single monopole charge has been studied. Here, we study the IF shift at the interface between two WSMs, each of which is carrying an arbitrary integer monopole charge. We find a general relation between the monopole charges of the two WSMs and the IF shift. In particular, the IF shift is proportional to the monopole charge if both WSMs have the same one. Our results can be used to infer the topology of the materials by experimentally measuring their IF shift. Furthermore, we consider the possibility that the Weyl fermions are scattered to other Weyl cones during the reflection, which results in qualitatively different behavior of the IF shift. While we use a quantum mechanical approach to solve the problem, semiclassical equations of motion and the conservation of total angular momentum can help us intuitively interpret our results in special cases.
I. INTRODUCTION
Spin-orbit coupling (SOC) plays an increasingly important role in modern condensed matter physics. It is essential in many topological phenomena, such as the spin Hall effect 1 , the quantum spin Hall effect 2 and topological insulators 3, 4 . In recent years, SOC has also attracted much interest in optics 5 . Due to the intrinsic SOC of light, it has been realized that the spin Hall effect naturally occurs in optical systems when there is a gradient in the refractive index, resembling an electric field in electronic systems. As a result, at the interface between two media where the refractive index varies, when transmitted or reflected, a light beam has a transverse shift with the direction depending on the chirality (spin) of the photons 6, 7 . The transverse shift is named the ImbertFedorov (IF) shift after its discoverers 8, 9 , and has been verified by experiments 10, 11 . In recent works 12, 13 , the authors have found that the IF shift also occurs in Weyl semimetals (WSMs). WSMs are recently discovered materials [14] [15] [16] [17] [18] . They host Weyl points, which behave as monopoles of Berry flux. Around the Weyl points, the states are described by the Weyl equation 19 and have a linear dispersion [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . The IF shift in WSMs is due to the intrinsic coupling between the pseudospin and the orbital degree of freedom. It has been shown that the IF shift depends on the monopole charge (chirality) of the Weyl point which is ±1, similar to that in optical systems.
The IF shift in both optical systems and WSMs has been interpreted semiclassically 6, 13 . The semiclassical equations of motion (EOM) govern the trajectory of wave packets, and dictate that the IF shift of a wave packet is due to its anomalous velocity 31 , and hence is an integral of the Berry curvature. If the band structure and hence the Berry curvature vary slowly, then it is an intuitive way to calculate the IF shift. However, if the Berry curvature has an abrupt change at an interface, difficulties arise. Moreover, near the Weyl point where the gap closes, non-Abelian treatment is needed 13 . As such, processes like Klein tunneling are not straightforward to account for. Different from the quantum mechanical treatment, the trajectory of a wave packet is fixed, which ignores the possibility that the wave packet may split. Another interpretation of the IF shift is from the conservation of total angular momentum (TAM) 6, 13 , which only works if the two media have the same monopole charge, and the composite system has a rotational symmetry. Therefore, there is a limit in these two methods. In WSMs, the quantum mechanical approach has been applied to the calculation of the IF shift 12 . It works best if an abrupt interface exists between two WSMs, regardless of the symmetry of the system. Each of the three approaches has its own advantages and drawbacks.
Multi-WSMs that host Weyl points with monopole charge ±2 and ±3 have been discovered 32 , which are protected by point group symmetries. Namely, C 4 and C 6 symmetries can protect double-Weyl points while C 6 symmetry can protect triple-Weyl points. Therefore, it is natural to extend previous works on the IF shift in single-WSMs to multiple WSMs. In this work, we study the IF shift between WSMs with monopoles of arbitrary integer charges. We apply the quantum mechanical approach to study the problem, and then use the semiclassical approach and the conservation of TAM to confirm and interpret the results in special cases. In addition, we consider the possibility that the Weyl fermions are reflected to another Weyl cone with opposite chirality, in which case the IF shift vanishes under certain symmetry conditions.
FIG. 1.
A beam of Weyl fermions is incident from a WSM at z < 0, with monopole charge N1, to another at z > 0, with monopole charge N2, and is totally reflected at the interface z = 0. A step potential is assumed between the two media. During the reflection, the IF shift occurs.
II. IF SHIFT AT THE INTERFACE BETWEEN WSMS WITH ARBITRARY MONOPOLE CHARGES
The Hamiltonian for a Weyl cone with a positive monopole charge N can be written as
where k = (k x , k y , k z ) and H * 0 carries the opposite charge −N . We have chosen the z-axis as a high symmetry axis. We set the velocities to 1 hereafter for simplicity. (Actually, the IF shift depends on the velocities 12,13 ; we leave the calculation of such dependence to future work.) Note that the generalization of a single-Weyl point with monopole charge 1 to a multi-Weyl point with monopole charge N is strongly reminiscent of the counterpart in two dimensions -the generalization of a gapless Dirac point with winding number 1 to the case with winding number N 33 . The eigenenergies are E = ± k 2N + k 2 z , associated with the spinor wavefunction
where r = (x, y, z),
and η = E−kz E+kz . We consider the total reflection that occurs at the interface between two WSMs. Assume a beam of Weyl fermions is incident from a WSM with monopole charge N 1 to that with monopole charge N 2 , and the interface is at z = 0, as shown in Fig.1 . A step potential is assumed at the interface, with the form V = 0 for z < 0 and V = V 0 > 0 for z > 0. During the process of reflection, k x and k y are conserved, while k z is not. Using the continuity of the wavefunction at z = 0 and solving for the reflective coefficient r, we get r = e iφr with the phase (see Appendix A for details)
where
The total reflection only occurs when κ > 0 since the wave function is proportional to e −κz at z > 0. We assume the incident beam is Gaussian in the y-direction, and the central ray lies in the xz plane. Then the kspace distribution is also Gaussian, with the center at k y = 0. In real space, the center of the incident beam is N 1 ∂ ky α/(1 + η 2 )| ky=0 , and the center of the reflected
, so the IF shift is their difference. Bringing all the variables in, we find the IF shift as follows:
Two special cases are noticed. First, if the two WSMs have the same monopole charge, i.e.
Note that θ is different from the incident angle, since the velocity is not proportional to the momentum in general.
(Previous studies on single-Weyl points correspond to N = ±1 12,13 here.) The IF shift changes sign once the chirality changes, which is termed as the chiralitydependent Hall effect. Here, we extend it to a general monopole charge, and find the IF shift is proportional to the monopole charge. This is like the case in the quantum Hall effect, where the quantized Hall conductance is proportional to the Chern number 34 . Second, if the energy of the incident Weyl fermions can be adjusted to E = V 0 , then ∆ IF = −N 2 /(E tan θ). Then one can detect the monopole charge of the WSM to which the Weyl fermions are incident.
One disadvantage of the quantum mechanical approach is that we need to assume a specific form of the wave packet to calculate the IF shift. In addition, we have assumed a sharp interface between the two WSMs. However, the Weyl Hamiltonian is actually a low energy, long wavelength Hamiltonian, so the matching wavefunction method only works for the case in which the interface is smooth in the atomic scale. Therefore, we need to confirm that the result obtained above is valid. To this end, we apply the semiclassical approach to calculate the IF shift where the interface is smooth.
III. SEMICLASSICAL APPROACH
Analogous to the motion of electrons in condensed matter systems, the motion of optical wave packets can be studied by semiclassical EOM 6, 35 , given the condition that the modulation to the band structure is weak and slowly varying. The semiclassical approach gives a simple interpretation to the IF shift: it is the shift due to the anomalous velocity, which appears if the Berry curvature is nonvanishing and an effective electric field exists 31 . This approach is used to calculate the IF shift in WSMs in Ref. 13 , in the case where the band structure and the Berry curvature are slowly varying. Now we show that the IF shift between two WSMs with the same monopole charge N can be calculated in this way, which further confirms the results obtained above.
The incident momentum of a wave packet is (k x , 0, k z ), and the reflected momentum is (k x , 0, −k z ). The IF shift is the integral of the anomalous velocity 6 , 
Plugging it into Eq.(5), we have ∆ IF = −N/(E tan θ), which agrees with the quantum mechanical result.
An immediate question is whether we can apply the semiclassical approach to the case where the two WSMs carry different monopole charges. A necessary condition to apply the semiclassical approach is one can interpolate the two Hamiltonians smoothly, such that the band structure and the Berry curvature vary slowly. However, since the two Hamiltonians have different topologies, i.e. their monopole charges differ by an integer, they cannot be connected smoothly. Therefore, the semiclassical approach cannot be applied to this case.
IV. CONSERVATION OF TAM
The IF shift in optics has also been understood as the result of the conservation of the total angular momentum of individual photons 6 . In WSMs with N = 1, it has been shown that the IF shift can be interpreted as the result of the conservation of the generalized total angular momentum, which is the sum of the orbital angular momentum and the 1/2 pseudospin of Weyl fermions 13 . Here we generalize further this idea.
(a) Band structure of the Hamiltonian. (b) An incident particle (with fixed kx) can be reflected to the same Weyl cone or the other. The red dot indicates an incident particle with momentum kz, the orange dot indicates the case where it is reflected to the same cone with momentum k z , and the blue dot indicates the case where it is reflected to the other cone with momentum −kz. If both WSMs are described by H 0 + V where H 0 is given in Eq.(1) and V is a step potential, i.e. both have the same monopole charge N , there is a continuous rotational symmetry around the z-axis, corresponding to the conservation of the z-component of the total angular momentum J. One can show [J z , H] = 0, where
When an incident Weyl fermion is totally reflected at the z = 0 plane, J z is conserved, i.e. J I z = J R z , where I and R label incident and reflected, respectively. Since the incidence is in the xz plane, k y = 0, k x is conserved, and k z changes sign after the reflection. Then the IF shift is
which agrees with the result calculated using quantum mechanics and semiclassical EOM. However, if the monopole charges are different at the two sides, it is not obvious that one can use this argument to calculate the IF shift. 36 , there is a certain probability that in total reflection, part of the beam is reflected to another valley. We study this case using a model Hamiltonian with two Weyl cones of monopole charge N = ±1 located at (0, 0, ±k 0 ), where k 0 is a constant,
The dispersion is shown in Fig.2(a) , and the eigenfunction is
and α is defined the same way as above.
The setting is the same as in Fig.1 except that two valleys are considered. As shown in Fig.2(b) , the incident wave has z-momentum k z (red point), and by energy conservation, the z-momentum of the reflected wave is either −k z (blue point) or k z = 2k 2 0 − k 2 z (orange point), corresponding to the intervalley and intravalley scattering. We have the reflected wavefunction in the region z < 0 (ignoring the factor e i(kxx+kyy) )
where r 1 and r 2 are the reflective coefficients associated with the intervalley and intravalley scattering, respectively. Using the continuity of the wavefunction and of the derivative of the wave function, we can find r 1 and r 2 (see Appendix B for details). |r 1 | 2 is the probability that the particle is reflected to the other valley, and |r 2 | 2 |v 2 |/v 1 is the probability that it is reflected to the same valley, where v 1 > 0 is the z-component of the incident velocity and −v 1 and v 2 are the z-component of the velocities of particles that are reflected to the other and the same valley, respectively. The latter has a factor of |v 2 |/v 1 because of the conservation of the probability current
We plot |r 1 | 2 for two energies, E = k 2 0 and E = 0.5k 2 0 in Fig.3 . The parameters 0 < V 0 < 2E and |E − V 0 | < k x < E so that total reflection occurs. |r 1 | 2 strongly depends on the energy of the particles, since the potential barrier is shallower for higher energy. We see that at smaller incident angles (smaller k x ), there is a larger probability of reflecting to the other valley; as V 0 → E, |r 1 | 2 reaches the maximum at k x → 0. The maximum can be nearly 100% when the energy of the incident particles is high, but decreases to a few percent if the energy decreases to its half. Therefore, the intervalley scattering is weak if the energy is well below the potential barrier, but in general the beam splits into two.
To calculate the shift, we find the initial center of beam is ∂ ky α/(1 + η 2 )| ky=0 , while the final center for the two reflected beams are, respectively, [
. So the shift for the two beams corresponding to intervalley and intravalley reflection are given by
respectively. Since k y always appears as k 2 y except in α, we have ∂ ky φ r1,2 | ky=0 = 0. Therefore ∆ 1 = 0, i.e., the beam reflected to the other valley has no IF shift, and the intravalley reflected beam has the IF shift
. Note the replacement of k z by k z − k 0 due to the finite momentum location of the Weyl point.
The zero IF shift can be easily understood from the semiclassical point of view. If the two Weyl points with monopole charge ±N are located at (0, 0, ±k 0 ), as the z-momentum goes from k z to −k z , the trajectory in kspace passes both k 0 and −k 0 or none of the two. Then we have (12) where Ω (1, 2) x are the Berry curvature contributed by the two Weyl points.
Actually, the vanishing of the IF shift is due to the inversion symmetry and the rotational symmetry about the z-axis: the inversion symmetry gives Ω(−k) = Ω(k), from which
, which says Ω x is an odd function of k z . Thus the integral vanishes, i.e., ∆ IF = 0.
VI. DISCUSSION
The IF shift in WSMs could be observed in the confirmed WSMs TaAs and NbP [14] [15] [16] [17] [18] . The dependence of the IF shift on intervalley scattering should be easily detected since there are many Weyl points in these materials. More specific calculations need to be carried out, following the same principles given here. The possible materials that host multi-Weyl points include HgCr 2 Se 4 22 and SrSi 2 37 , which provide platforms to observe the monopole charge dependence of the IF shift.
The discovery of WSMs inspires the realization of (multi-)Weyl points in systems besides solid state materials, such as photonic crystals [38] [39] [40] . Around Weyl points, the states are governed by the same Weyl equation, so we expect that our formalism and results also apply to these systems. However, our two-Weyl cones model breaks time-reversal symmetry, and the two Weyl points are related by mirror symmetry. In a time-reversal invariant photonic Weyl crystal, a minimal number of four Weyl points can be realized 39, 41 . If an interface exists perpendicular to the axis at which two Weyl points related by time-reversal symmetry reside, intervalley scattering occurs between the two valleys which have the same chirality. In this case, the IF shift contributed by the two valleys are the same rather than opposite, so the shift is approximately twice that of the intravalley reflection. Consequently, our results may be used to detect the topology of various kinds of materials by experimentally measuring their IF shift.
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Appendix A: Quantum mechanical approach
In this appendix we solve the IF shift quantum mechanically. The Hamiltonian is
where α = tan −1 ky kx and η = E−kz
During the process of reflection, k x and k y are conserved, while k z is not. The wavefunction at z < 0 consists of the incident and reflected wavefunction, so
= e −iφ ξ . Connecting the two wave functions at z = 0, we have
The ratio of the two equations yields
Solving for r, we get
so the phase shift is
φ ξ is even in k y , so ∂ ky φ ξ | ky=0 = 0. Then
Assuming the beams are Gaussian. The center of the incident beam is N1∂ ky α|0 1+η 2 , and the center of the reflected beam is
So the IF shift is
Appendix B: Probability of intervalley scattering
There is a certain probability that on total reflection, the particle is reflected to the other Weyl cone. Now we calculate this probability using a quantum mechanical approach. We start with the Hamiltonian
where k i 's are operators and k i = −i∂ xi . The eigenfunction is ψ(x, y, z) = 1
and α = tan −1 ky kx . Assume there is an interface at z = 0, and a potential
Upon reflection, k x and k y are conserved due to translational symmetry, while k z is not. By energy conservation, the z-momentum of the reflected particle is either −k z or k z = 2k 2 0 − k 2 z . (We assume k z > 0.) The former is the case in which the particle is reflected to the other Weyl cone. Note that with k z → −k z , η → η; while with k z → k z , η → 1/η. Ignoring the factor e i(kxx+kyy) , we have the wavefunction in the region z < 0 and z > 0 ψ 1 (z) = 1 
If (E − V 0 ) 2 < k 
(1 + r 1 )η + r 2
(1 − r 1 )k z + r 2 ηk z1
(1 − r 1 )ηk z + r 2 k z1
The reflected beam splits into two beams. We solve the reflectance |r 1 | 2 and |r 2 | 2 and verify the conservation of the current v i = |r 1 | 2 v 1 + |r 2 | 2 v 2 numerically, where v i is the incident velocity and v 1 and v 2 are the velocities of the two reflected beams (v 1 = v i ).
